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SPHERICAL MEANS AND SUPPORT THEOREMS 
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Abstract. We prove that the spheres centered at origin are sets of injec- 
tivity for certain weighted twisted spherical means on C™. We also prove an 
analogue of Helgason's support theorem for weighted Euclidean and twisted 
spherical means. 



1. Introduction 

In this article, we show that the spheres Sr(o) = {z G C™ : \z\ = R} are sets 
of injectivity for the weighted twisted spherical means (WTSM) for a suitable 
class of functions on C n . The weights here are spherical harmonics on S 12 ™" 1 . 
In general, the question of set of injectivity for the twisted spherical means 
(TSM) with real analytic weight is still open. We would like to refer to [7], 
for some results on the sets of injectivity for the spherical means with real 
analytic weights in the Euclidean setup. 



Our main result, Theorem 11.31 is a natural generalization of a result by 
Thangavelu et al. [9], where it has been proved that the spheres <Sr(o)'s are 
sets of injectivity for the TSM on C n . The twisted spherical mean arises in the 
study of spherical mean on the Heisenberg group HP = C n x R. These result 
can also be interpreted for the weighted spherical means on the Heisenberg 
group. The set S = {(z,t) : \z\ = R, t G R} C HP is a set of injectivity for 
the weighted spherical means on HP defined by (II. 3p . 

In a fundamental result, Helgason proved a support theorem for continuous 
function having vanishing spherical means over a family of spheres, sitting in 
the exterior of a ball. That is, if / is a continuous function on R™, {n > 2) such 
that \x\ k f(x) is bounded for each non-negative integer k, then / is supported 
in ball B r (o) if and only if / * fi s (x) = 0, Wx G R n and Vs > |x| + r, (see [5]). 
In a recent work [5], Thangavelu and Narayanan prove a support theorem, 
for the TSM for certain subspace of Schwartz class functions on C n . In our 
previous work [13], we have given an exact analogue of Helgason's support 
theorem for the TSM on C n (n > 2). For n — 1, we have proved a surprisingly 
stronger result where we do not need any decay condition. This result has no 
analogue in the Euclidean set up. In Theorem 11.41 we generalize our idea of 
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support theorem for the TSM to the WTSM. At the end, we revisit Euclidean 
spherical means and prove Theorem 11.51 which is an analogue of Helgason's 
support theorem for the weighted spherical means. For some results on support 
theorem with real analytic weight, in non-Euclidean set up, we refer to Quinto's 
works pm HH H2]. 

Let fi r be the normalized surface measure on sphere S r (x). Let & C 
We say that S C BP is a set of injectivity for the spherical means for & if for 
/ G & with / * fj, r (x) = 0, Vr > and Vx G S, implies / = a.e. 

The results on sets of injectivity differ in the choice of sets and the class of 
functions considered. The following result by Agranovsky et al. [1] partially 
describe the sets of injectivity in KP. The boundary of bounded domain in 
BP (n > 2) is set of injectivity for the spherical means on IP (BP), 1 < p < 
For p > unit sphere S 1 " -1 is an example of non-injectivity set in BP. 

The range for p in the above result is optimal. That can be seen as follows. 
For A > 0, define the radial function <p\ on BP by 



that v 9 a(o) = 1. Then the spherical means of ip\ satisfy the relation 

(fx * /vO) = tp\{r)(px{x). 

This shows that if XR is zero of Bessel function J«_i then <p\ * fi r (x) = on 
sphere Sr(o) and for all r > 0. Since <p\ G IP(BP) if and only if p > 2n/(n — 1), 
it follows that spheres are not sets of injectivity for spherical means for L p for 
p > 2n/(n — 1). In a recent result of Narayanan et al. [7j, it has been shown 
that the boundary of a bounded domain in W 1 is a set of injectivity for the 
weighted spherical means for L p (M n ), with 1 < p < — ^. 

Next, we come up with twisted spherical means which arises in the study of 
spherical means on Heisenberg group. The group 1EP as a manifold, is C n x R 
with the group law 

(z, t)(w, s) = (z + w, t + s + -lm(z.w)), z, w G C n and t, s G R. 

The spherical means of a function / in L 1 (H n ) are defined by 



Thus the spherical means can be thought of as convolution operators. An im- 
portant technique in many problem on HP is to take partial Fourier transform 
in the t- variable to reduce matters to C n . This technique works very well with 
convolution operator on HP and we will make use of it to analyze spherical 
means on HP. Let 




(1.1) 
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be the inverse Fourier transform of / in the t-variable. Then a simple calcula- 
tion shows that 



f\z - w)e^ lm(z ^ d/i s (w) 



' \w\=s 

where /i s is now being thought of as normalized surface measure on the sphere 
S s (o) = {z G C n : \z\ = s} in C n . Thus the spherical mean / * fi s on the 
Heisenberg group can be studied using the A- twisted spherical mean f x x^/i s 
on C n . For A 7^ 0, a further scaling argument shows that it is enough to study 
these means for the case of A = 1 . 

Let T C Lj qc (C"). We say S C C n is a set of injectivity for twisted spherical 
means for J 7 if for / G T with / x fi r (z) = 0, Vr > and Vz G S, implies / = 
a.e. on C n . 

As in the Euclidean case, it would be natural to ask if the boundaries 
of bounded domains in C n continue to be sets of injectivity for L p spaces 
for the twisted spherical means. However, this is no longer true as can be 
seen by considering the Laguerre functions y^ -1 , k G Z+, given by (p^~ (z) = 
V^T 1 (||z| 2 ) e~4l 2 l 2 ; where ££ -1 's are the Laguerre polynomials of degree k and 
type n — 1. These functions satisfy the functional relations 

kUn - IV 

(1.2) ^ x ^(z) = (^31)?^ fc G z +- 

For = 0, (Pq~ 1 (z) = e~3' 2 ' 2 , which is never zero. Otherwise, if ^R 2 is a zero of 
for k — 1, 2, ... , then v 3 ^ -1 x /-^(z) = on sphere S'k(o) for all r > 0. Since 
y?)! -1 are in Schwartz class, it follows that spheres, and hence boundaries of 
bounded domains are not sets of injectivity for L p (C n ) for any p , 1 < p < 00. 
As eSWVjJ -1 , k = 1,2,..., does not belong to L p (C n ) for 1 < p < 00, it 
would be interesting to know if boundaries of bounded domains in C n are sets 
of injectivity for the class of functions / such that f(z)ei' z ' G L p (C n ) for some 
P, 1 < P < 00. In [2] the authors answer this for a yet smaller function space. 
The boundary of a bounded domain in C n is set of injectivity for function / 
with /(z)e^4+ e )l z l g L p (C n ) for some e > and 1 < p < 00. In the light of 
the above discussion an optimal result would be proving this result for e = 0. 
This in general is an open problem, but in the special case of T = S* 2n-1 , the 
result has been established by Narayanan and Thangavelu [9]. 

Theorem 1.1. [H] Let f be a function on C n such that e*' z ' f(z) G L p (C n ), 
for 1 < p < 00. If f x [i r (z) = on sphere Sr(o) and for allr > 0, then f = 
a.e. on C n . 

Remark 1.2. For rj G C n , define the left twisted translate by 

V(0 = /(£-^ Im{ ^. 
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Then T v (f x fi r ) = T v f x fi r . Since the function space considered as in the 
above Theorem 1 1.1 1 is not twisted translation invariant, it follows that a sphere 
centered off origin is not set of injectivity for the TSM on C". 

Our aim is to consider some special weighted twisted spherical means and 
prove that Theorem 11.11 can be extended for those means. For this, let Z + 
denote the set of all non negative-integers. For s,t G Z + , let P st denote the 
space of all polynomials P in z and z of the form 

\a\=s \P\=t 

Let H s j = {P G P s ,t '■ AP = 0}, where A is the standard Laplacian on C n . 
Let {P G P 3 st : 1 < j < d(s,t) = dimH s t } be an orthonormal basis of H s t 
and du r j = P ] st dp r . Then dv r j is a signed measure on the sphere S r (o) in C n . 
As similar to (II. ip . we can define the weighted spherical means of a function 
/ G L l (M n ) by 

(1.3) f*V r>j ( Z ,t) = I f((z t t)(-W,0)) P 3 st (w)d^( W ). 

J \w\=s 

By taking the inverse Fourier transform in t variable at A = 1, we can write 
/ x u rJ (z) = [ f(z- w)ei lm ^Pi t (w)df, r (w). 

JSr(o) 

We call / x v r j the weighted twisted spherical mean (WTSM) of function 
/ G Zj oc (C n ). We prove the following result for the injectivity of the WTSM. 

Theorem 1.3. Let f be a function on C n such that e^' 2 ' 2 f(z) G L p (C n ), 
l<p<oo. If fx v r j{z) = on sphere Sr(o) } V r > andW j, 1 < j < d(s, t), 
then f = a.e. on C n . 

For p = oo, Theorem 11.31 does not hold as can be seen in Remark 12.41 
Further, we prove a support theorem for the weighted twisted spherical means. 

Theorem 1.4. Let f be a smooth function on C n such that for each non- 
negative integer k, \z\ k \f(z)\ < Ck . Let f x v r ,j{z) — 0, for all z G C" 
and r > \z\ + B and for all j, 1 < j < d(s, t). Then f = 0, whenever \z\ > B. 

In the end, we revisit Euclidean spherical means and prove the support 
Theorem 11.51 for the weighted spherical means. For k G Z + , let Pk denote 
the space of all homogeneous polynomials P of degree k. Let Hk = {P G 
Pk : AP = 0}. The elements of Hk are called the solid spherical harmonics 
of degree k. Let {Pkj : 1 < j < dk = dimHk} be an orthonormal basis for Hk. 
Define the weighted spherical mean of function / G Lj oc (IR n ) by 

/ * t4j(z) = f(x + y)P kj (y)dnr(y). 

J S r (o) 
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Theorem 1.5. Let f be a smooth function on IR n such that \x\ m f(x) is bounded 
for each m G Z + . Let f * fJ^Ax) = 0' f or a ^ x e r > |x| + P and for all 
j, 1 < j < dk. Then f = whenever \x\ > B. 

2. Preliminaries 

We need the following basic facts from the theory of bigraded spherical 
harmonics (see p5], p. 62 for details). We shall use the notation K = U(n) 
and M = U(n - 1). Then S 2 " 1 ' 1 = K/M under the map kM k.e n , k G U{n) 
and e n = (0, . . . , 1) G C n . Let Km denote the set of all equivalence classes of 
irreducible unitary representations of K which have a nonzero M-fixed vector. 
It is known that for each representation in Km has a unique nonzero M-fixed 
vector, up to a scalar multiple. 

For a 5 G Km, which is realized on Vg, let {e±, . . . , ed(5)} be an orthonormal 
basis of Vs with e\ as the M-fixed vector. Let tfAk) = (ei,5(k)ej), k G K 
and (, ) stand for the innerproduct on Vs- By Peter- Weyl theorem, it follows 
that {y/d(5jtfi ■ 1 < J < d ( 5 )i S e K M } is an orthonormal basis of L 2 (K/M) 
(see [15], p. 14 for details). Define Yj(u) = \J d(5)tj 1 (k), where uj = k.e n G 
S 2n ~\ keK.lt then follows that {Yf : 1 < j < d{6),6 G K M , } forms an 
orthonormal basis for L 2 {S 2n ~ 1 ). 

For our purpose, we need a concrete realization of the representations in 
K M , which can be done in the following way. See [O], p. 253, for details. 

For p, q G Z + , let P M denote the space of all polynomials P in z and £ of 
the form 

\ot\=p \P\=q 

Let f/p q = {P G P Pi g : AP = 0}. The elements of H p q are called the bigraded 
solid harmonics on C n . The group K acts on H p q in a natural way. It is easy 
to see that the space H p q is K-invariant. Let n Ptq denote the corresponding 
representation of K on H p q . Then representations in Km can be identified, up 
to unitary equivalence, with the collection {n Pyq : p, q G Z + }. 

Define the bigraded spherical harmonic by Yj' q (uj) = a/ q)t^f(k). Then 
{l^' 9 : 1 < j < d(p,q) and p,q G Z + } forms an orthonormal basis for 
P 2 (S' 2n_1 ). Therefore for a continuous function / on C n , writing z = pu, 
where p > and u; G S* 2 ™" 1 , we can expand the function / in terms of spheri- 
cal harmonics as 

d(p,q) 

(2.1) f(pco) =Y,H dS«{p)Y?«{<»). 

P,Q>0 j=l 

The functions a v f q are called the spherical harmonic coefficients of the function 
/. The (p, q) th spherical harmonic projection, U Ptq (f) of the function / is then 
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defined as 

d(p,q) 

(2-2) lW/)(p )W )= ^af(p)^». 

3=1 

We will replace the spherical harmonic Yj ,q {u) on the sphere by the solid 
harmonic P p ' q {z) = \z\ p+q Y p,q {^) on C n and accordingly for a function /. 

Define a P ' q (p) = p~( p+q ^a P ' q (p), where a p ' q are defined by Equation 12. 1L We 
shall continue to call the functions a P,q the spherical harmonic coefficients of 



In the proof of Theorem II. 31 we also need an expansion of functions on C n in 
terms of Laguerre functions ip^~ 's. Let / G L 2 (C n ). Then the special Hermite 
expansion for / is given by 

oo 

(2.3) /(z) = (2vr)-^/x^- 1 ( 2 ). 

fc=0 

For radial functions, this expansion further simplifies as can be seen from the 
following lemma. 

Lemma 2.1. [15] Let f be a radial function in L 2 (C n ). Then 

/ = f> n (/, VT 1 ) <PT\ ^ere B" k = 

We would also need the following Hecke-Bochner identities for the spectral 
projections / x (p£~ , (see [15] . p. 70). 

Lemma 2.2. [15] Let aP G L 2 (C n ), w/iere a is radial and P G Lf Pig . TTien 

(aP) x ^(z) = (27r)"«P(z) a x ^f^z), 

if k > p and otherwise. The convolution in the right hand side is on the 
space C n+p+q . 

Using the Hecke-Bochner identities, a weighted functional equation for spher- 
ical function y^ -1 has been proved in [15], p. 98. 



Lemma 2.3. [15] For z G C n , let P G H P) g and dv r = Pdp r . Then 

^ x u r (z) = (27r)-"C'(n,p,g)r 2 ^)^^- 1 (r)P(z)^f''- 1 (,) 
if k > q and otherwise. 



Remark 2.4. From Lemma 12.31 it can be seen that Theorem 11.31 does not 
hold for p = oo. For instance, take P G H 01 and let dv = Pdp r . Then 
^q" 1 x v{z) = 0, where cfQ~ 1 (z) = e"! 2 ! 2 . 
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3. Injectivity of the Weighted Twisted Spherical Means 

In this section, we prove that the spheres are sets of injectivity for the 
weighted twisted spherical means on C n . Let 

(3.1) f lm {z) = d{s,t) [ fia-hX^da 

JU(n) 

for 1 < I, m < d(s, t). 

Lemma 3.1. Let f be a continuous function on C n . Suppose f x v r j(z) = on 
sphere Sr(o), for all j, 1 < j < d(p, q) and for allr > 0. Then fi m X-v r ,j(z) = 0, 
on Sr(o), whenever 1 < I, m < d(s, t), 1 < j < d(p, q) and r > 0. 

Proof. We have 

f lm x v rJ {z) = d(s,t) [ [ f(a~\z-w))e^^hti(a)PUw)dad^ r (w). 

Js r (o) JU(n) 

Since the space H PtQ is [/(n)-invariant, therefore the function Pl^a^w) is 
linear combination of polynomials in H p q . By hypothesis, it follows that 

/ t'lii*) I f(°~ lz ~ w)ei lmia ' lz - € ' ) P((aw)dfi r {w)da = 0. 

JU(n) Js r (o) 

□ 

Remark 3.2. In view of Lemma I3TT| it is enough to work with the function of 
type f(z) = d(\z\)P s j(z) and measure dv T = z\z\d\i T for the proof of Theorem 
11.31 We therefore drop the index j and write P\{z) = z\z\ and dv r = P\d[i r . 

We need the following result of Filaseta and Lam [1], about the irreducibility 
of Laguerre polynomials. Define the Laguerre polynomials by 

k 

L a k {x) = ]T(-iy 

where k e Z + and a G C. 

Theorem 3.3. [1] Let a be a rational number, which is not a negative integer. 
Then for all but finitely many k e Z +; the polynomial L^(x) is irreducible over 
the rationals. 

Using Theorem 13. 3^ we obtain the following corollary about the zeros of 
Laguerre polynomials. 

Corollary 3.4. Let k £ Z + . Then for all but finitely many k, the Laguerre 
polynomials L^~ 1 (x) 's have distinct zeros over the reals. 

Proof. By Theorem I3.3[ there exists k Q £ Z + such that L£ -1, s are irreducible 
over Q whenever k > k . Therefore, we can find polynomials P±,P2 £ Q[x] 
such that P\L n k ~ x + P 2 ^fe 2 _1 = 1, over Q with h,k 2 > k Q . Since this identity 
continue to hold on IR, it follows that L^ 1 and L^ 1 have no common zero 
over R. □ 



fa + k \ x l 

U- i J if' 
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In the proof of Theorem 11.3} we use the following right invariant differential 
operators for twisted convolution: 

a d 1 J I* d 1 ■ 1 „ 
A 3 = — + -z ja ndA J = — -- Zj - j = l,2,...,n. 

In addition, we have the left invariant differential operators 

d 1 9_ 1 

2, 



Z, = — - -z 3 and Z] = — + -z f , j = l,2,...,n 



for twisted convolution. Let P be a non-commutative homogeneous harmonic 
polynomial on C n with expression 

|a|=p \f3\=q 

Using the result of Geller [S], about Weyl correspondence of the spherical har- 
monics, the operator analogue of P(z), accordingly the left and right invariant 
vector fields can be expressed as 

P & =EE 0*10 and P(A) = ^ E *#A* a &- 

\ a \=p\0\=q \a\=p\/3\=q 



In order to prove Theorem ll.3[ We need to prove the following lemma. 
Lemma 3.5. For P\{z) = z\z\ £ H p q we have 

(3.2) Px{A)<p«T\z) = Pi{Z)^f\z) = (-2)-^^(z)^f 
if k > q and otherwise. 

Proof. We have 

For z £ C n , let z.z = 2t. By chain rule ^ = \z\^. Therefore, 
The Laguerre polynomials satisfy 

(3.3) ^L£(x) = -LK(x) and + LJ(x) = L£ +1 (x). 
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Thus we have A*<p£ (z) = —-zip^z). Similarly 

Mvr\z) = (r4t + r 2 )( Lrl{t)e ~ ¥ ) 

Therefore, 

AlA^t\z) = 2^z x z 2 ^\{z). 
Since the operators A\ and A2 commute with each other, we can conclude that 

Af~A\^r\z) = (-2)"^ z\z\ <p«£{z). 
A similar computation shows that 

zf~Z\^r\z) = (-2)-*-* z\z\ ^l(z). 

□ 

Remark 3.6. Using the result of Geller ([5], Lemma 2.4), the identity (13.21) can 
be generalized for any P £ H p q . The complete proof of this identity require 
some of the preliminaries about Weyl correspondence of spherical harmonic 
from the work of Geller [5] and will be presented elsewhere. 

Lemma 3.7. For p > 0, write D = J^- — ~p and D* = -g- + |p. T/ien 
Proof. Let p 2 = 2i, then ^ = pj^. Therefore, 

Using f)3.3p . we have ^Dip 1 ^~ 1 (p) = <p]J(p). Similarly, 

Therefore ±5vrV) = ^(p). □ 

Suppose / be a function on C™ such that f(z) E L p (C n ), for 1 < p < 00. 
Let <p e be a smooth, radial compactly supported approximate identity on C n . 
Then / x <p e e L 1 nL°°(C n ) and in particular fx(p e E L 2 (C n ). Let rfz/ r = Pdp r . 
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Suppose / x v r (z) = 0, Vr > and Wz G Sr(o). Then by polar decomposition 
/ x P(p 1 £'^ +q ~ 1 (z) = 0, VA; > q and Vz G Sr(o). Since (p e is radial, we can write 



/ x ^ x Vr {z) = B n k (<p e , ^r 1 ) / x ^ 



x v T \z). 

By Lemma [231 it follows that / x ip e x f r (z) = 0,V7c > q and Vz G Sr(o). 
Thus without loss of generality, we can assume / G L 2 (C n ). Hence to prove 
the Theorem 11.3} in view of Lemma 13. 1\ it is enough to prove the following 
result. 

Proposition 3.8. Let P s j G H s t and f = aP s>t G L 2 (C n ) be a smooth function 
such that e^f(z) G L p (C n ), for l<p< 00. If f x u r (z) = on S R (o) and 
for all r > 0, then f = a.e. 



v 2j = U, 



Proof. We have 

/ = (27r)-»X)/ 

fe>0 

Therefore 

fc>0 

whenever 2 G Sr{o) and r > 0. By Lemma [2 .'S\ we get 

k>q 

for |z| = R and for all r > 0. As the functions {v J fc-q +9_1 ( r ) : ^ — <?} form an 
orthonormal basis for L 2 ( M + , r 2 ( n+p+ ^ _1 cir) , the above implies that 

/ x PiV n k t P q +q ~\z) = 0, V k > q and \z\ = R. 

From LemmaE3l P x (A)^-\z) = (-2y p ' q P 1 {z)(p r ^ q ~ 1 {z), moreover P 1 (A) 
is right invariant, therefore it follows that 

P 1 (A){aP s>t x ifl'^iz) = 0, V k > q and |z| = i2. 

Using Hecke-Bochner identity (Lemma 12.21) . we get 

(a, V n k t s s +t - 1 ) Pi{A)P s ^ n k t s s +t -\z) = 0, V k > max(g, s) and \z\ = R. 

If Al P A 2 q (P St t¥ktl +t ~ 1 )(R) = for some k > max(g, s), then a computation 
similar as done for Z*f in [13], p. 2516-17, we have 



AfA-r 1 



^ V ;;; n+1 , ( + {(_L_ pS . + 1 ) ri ; ; }||i 



0. 



for \z\ = R and 7 = n + s + t. Since {f^tls 2 "- 1 : s, t > 0} form an orthonormal 
basis for L 2 (S 2n ~ 1 ). An inductive process, then gives the coefficient of highest 
degree polynomial P p+s ^ q+t as 

1 
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Using Lemma 13. 7\ the above equation implies that (pl_^Z. q ~ (R) = 0. In view 
of Corollary I3.4[ without loss of generality, we can assume, the Laguerre poly- 
nomials L 1 k ^_ q ~ l have distinct zeros. Hence L]^ p s ^~ l (\R 2 ) can vanish for at 

most one value say k > s + q of k > max(g, s). Therefore {a,(p].Z s ) = 0, for 
k > max(g, s), except for k ^ kg. Hence a(p) is finite linear combination of 
iplZl's- As a satisfies the same decay condition as /, it follows that 5 = 0. 
This completes the proof. □ 

Remark 3.9. In the proof of Theorem 11.3} we have used the fact that the 
WTSM / x u r j vanishes for each j : 1 < j < d(s, t). It would be an interesting 
question to consider a single weight or, in general, a real analytic weight, which 
we leave open for the time being. 

4. Support Theorems for the Weighted Spherical Means 

In this section, we prove Theorem II. 4} which is an analogue of the author's 
support theorem ([H], Therorem 1.2) for the TSM to the WTSM on C n . Our 
previous result ([13], Theorem 1.2) is a special case of Theorem II A\ when for 
p = q = 0. We would like to quote support theorem for the case n — 1. In the 
end, we would revisit Euclidean spherical means and indicate a corresponding 
support theorem for weighted spherical means. 

We need the following result from [13]. Let Zb j00 be a class of continuous 
functions on Ann(i?, oo) = {z G C n : B < \z\ < oo} such that / x fi r (z) = 
for all zeC" and r > \z\ + B. 

Theorem 4.1. [13] A necessary and sufficient condition for f G Zb i0 o (C n ) is 
that for all p,q G Z + , 1 < j < d(p, q), the spherical harmonic coefficients d v f q 
of f satisfy the following conditions: 

(1) For p = 0, q = and r < p < R, a°(p) = 0. 

(2) For p, q > 1 and r < p < R, there exists q,4 6 C such that 



?«(p) = Ci e^ 2 p- 2( - n+p+q -V + £ d k e *" p 



1« 2 -2(n+p+q-k) 

i=l k=l 



(3) For q = and p > 1 or p = and q > 1 and r < p < R, there exists 
q,4 6 C such that 



v 

1 „2 



-2(n+q-k) 

i=l k=l 

Since the Heisenberg group H n is non-commutative, the twisted spherical 
means / x \i T and \i r x / are not equal, in general. Using this fact, we have 
proved the following support theorem which do not require any decay condi- 
tion. 

Theorem 4.2. [T3] Let f be a continuous function on C. Then f is supported 
in \z\ < B if and only if f x \i r — \i r x / = for s > B + \z\ and G C. 
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We shall need the following lemmas in the proof of Theorem 11.41 
Lemma 4.3. Let dv v p ' q = Pidp, p . Let f be a smooth function on C n such that 
fxuP'i(z) = 0, for all z G C n and for all p > \z\ + B. Then P x {Z)f x p p (z) = 0, 
for all z G C n and for all p > \z\ + B. Equivalently, P\(Z)f G ZB i00 (C n ). 

Proof. We first prove 

(4.1) Z*J x v v ~ lA {z) = 0, z G C n for p > \z\ + 5. 

9 9 9 
Let 9^ = 2—— = — + i—, w x = £i + Then 
cwi 9£i ar\\ 



I 9^ (f(z - w)e^ m{z -™ ) w p 1 - 1 w 2 q ) dw 

f(z - w)e 1 2 lm{z - m) w p 1 - 1 w 2 q —dfi p (w) 

\w\=p P 

f(z - w)e-^ lm ^ ) w p 1 - 1 w 2 q —dp Jr (w) = 0. 

f |w|=r ' 

Thus we have the following equation 



d m (f(z - w)e$ lm{z -™ ) w p - 1 w 2 q ) dw = 0. 
Rewriting this equation in the polar form, we get 

d m (f{z - w)e^ lm(z - iD) w p l - l wA dp s (w) s 2n ~ l ds = 0. 

's=r J \w\=s 

Differentiating the above equation with respect to p, we have 

9^ (f(z - w)e^ z ^w p - 1 wA dp p (w) = 0, 

\w\=p 

whenever z G C™ and p > \z\ + B. Computing the differential inside the 
integral and rearranging the terms, we get 

— f(z -w) + ]zj(z - w)) e^-^wf-^dppiw) = 0. 



'\w\=p 

That is 



dwi 4 



^-f(z -w) + -( Zl - Wl )f(z - w)) e^ z ^w p - l w 2 q dp p (w) = 0, 

'\w\=p \ az l 4 / 

which is the Equation fl4.ll) . Proceeding in a similar way, it can be shown that 
P\{Z)f x p p (z) = 0, whenever z G C n and p > \z\ + B. □ 

As before, it is enough to prove Theorem 11.41 for the function of type 
a(p)P Si t{z). We can see this in the following lemma. 

Lemma 4.4. Fix p,g 6 Z + and let f x v r> j(z) = 0, for all z G C n and 
r > \z\ + B and for all j, 1 < j < d(p,q). Then fi m x v r ^{z) = 0, for all 
zGC" and for all p > \z\ + B. 
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Proof. The proof of this lemma is similar to the proof of Lemma 13.11 and hence 
omitted. □ 



To prove Theorem 11.41 m view of Lemma 14.41 it is enough to prove the 
following result. 

Proposition 4.5. Let f(z) = aP Stt be a smooth function on C n such that 
\f(z)\\z\ k < C k e~^\k G Z+. Let f x u r (z) = 0, for all z G C n and 
r > \z\ + B and for all j, 1 < j < d(p, q). Then f = whenever \z\ > B. 

Proof. We first prove the result in case when p — 1, q — 0. The argument 
for general p, q is very similar. In this case, by Lemma 14.31 we have Z*f G 
ZB,oo(C n ). Since / = aP Stt , a similar calculation as in [13], p. 2516-17, gives 
that 

Z*f = ±D*~aP s+ht + ( (—±—pD* + l) a ] 



2p t V 2 (7 - 1) J J dzi ' 

where 7 = n + s + 1. Since A\f G Zb,oo by Lemma [4.41 and Theorem 14.1 
it follows that 

(-^-pZ)* + l)~a = J24 eVp-«r-i-0 + g d > k p^^ 
^ ^ > i=i k=i 



and 

s+l 



|P 2 n -2( 7 +l-fc) 

2p J ' 



i=i fc=i 
Solving these equations for a we get 



s+l t 

a( 



l{p) = £ Ci e^p-^ + J2 D * e-^p-^~ k \ C i: D k G C. 

i=l k=l 

But the given decay condition on the function / then implies that a(p) = 
0, whenever p > B. Hence / = for p > B. For the weight zfzf, the 
computations are similar and therefore omitted. □ 

Next we take up the case of Euclidean weighed spherical means. We prove 
the following lemma which is key to the proof of Theorem 11.51 As in [3], let 

fim(x) = d s [ f(r" l x)t^(r)dr, 

JSO(n) 

for any I, m with 1 < I, m < d s . 

Lemma 4.6. Let f * ph^ix) = 0, for all x G M. n , p > \x\ + B and for all 
j, 1 < j < dk- Then fi m * l^pj{x) = 0, for all x G W l and for all p > \x\ + B. 

Proof. Since space H k is 5'0(n)-invariant by change of variables, it follows that 



d s [ t l ™(r) [ f{r' l x + y)P kj {ry)dp p {w)dr = 0, 

JSO(n) JSo(o) 



>(n) JS p {o) 

whenever x G W 1 and p > \x\ + B. □ 
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For x = (xi, x 2 , x 3 . . . , x n ) G M n , we realize the function f(xi,x 2 , x 3 , . . . , x n ) 
as /(xi + ix 2 ,x 3 , . . . , x n ). Let Z\ = Xi + ix 2 . Then we can write 

o 5 d d 



ctei 

We need the following result from [3]. Let Zb,<x be a class of continuous 
functions on Ann(i?, oo) = {x G M n : B < \x\ < oo} such that / * p r (x) = 
for all ieK" and r > \x\ + B. 

Theorem 4.7. |3j ^4 necessary and sufficient condition for f G Zs i00 (R Tl ) zs 
£/ia£ /or a// G Z+, the spherical harmonic coefficients atj of f satisfy the 
following conditions. 

k-l 
i=0 

for all k > 0, 1 < j < d^, and ao(p) = whenever r < p < R. 

Lemma 4.8. Let Pk(x) = (x\ + ix 2 ) k . Suppose f * p k p {x) = 0, for all i6K" 
and for all p > \x\ + B. Then d\J * p p (x) = for all x G W 1 and for all 
p > \x\ + B. Equivalents, 0*/ G Z B>oc (M n ). 

Proof. We first prove 

(4.2) d- z J * p k ~\x) = 0, x G M n for p > \x\ + £. 

o ^ 9 d 

Let = 2—— = h It^—, w 1 = y 1 + %y 2 . Then 

dwi dyt dy 2 

{f{zi + Wi, x 3 + y 3 , . . . , x n + y^w 1 ^ 1 ) dy 

Ann(r,p) 

/Oi + wi, x 3 + y 3 ,...,x n + y n )w k ~ l —dp p (y) 
\y\=P P 

- I f(zi + wi, x 3 + y 3 ,...,x n + y n )w k ~ l —dp r {w) = 0. 

J\y\=r r 

Thus we have the following equation 

dan (f(zi + w 1 ,x 3 + y 3 ,...,x n + y n )w k ~ l ) dy = 0. 

'Ann(r,p) 

Rewriting this equation into polar form, we get 



{f(zi + wt, x 3 + y 3 ,...,x n + y n )w k x ) dp s (y) s n 1 ds = 0. 

--r J\y\=s 

Differentiating the above equation with respect to p, we have 

/ dwxf {f(zi + W!, x 3 + y 3 ,...,x n + ynjw^' 1 ) dp p (w) = 0, 
J\v\=p 
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whenever x G W 1 and p > \x\ + B. Computing the differential inside integral, 
we obtain the Equation (j4.2p . Proceeding in a similar way, it can be shown 
that d\J * jJt k p {x) = 0, whenever x G M n and p > \x\ + B. □ 

To prove Theorem 11.51 i n view of Lemma 14.61 it is enough to prove the 
following result. 

Proposition 4.9. Let f(x) = a(\x\)P s (x) G C7°°(M n ) such that \x\ m f(x) is 
bounded for each m G Z+. Let f * t L % x ) = 0; f or a ^ x £ p > \x\ + B . 
Then f = whenever \x\ > B. 

Proof. First we find a(p) for = 1. For this, by Lemma [4.81 we have d\f G 
Zs,oo(^ n )- A computation similar to that in [3J, p. 445-6, we can write 

8xj pdp 8+1 \\n + 2{s-l) P dp ) a ] dxj' 
where Pf +1 G H s+ i. Therefore, 

for some P s+ i G H s+ i. By Lemmas |4.6|4.8j and Theorem 14.71 it follows that 

Ida >A _ 2 , 
P<9 P to' 

and 

f n p|- + 5 = x>p- n - 2i , 

\n + 2(s-l) dp J 
where q, dj G C. Solving these equations for a we get 

s-l 

i=-\ 

The given decay condition on the function / then implies that a(p) = 0, 
whenever p > B. Hence / = for p > B. The case of general weight 
(x\ + ix2) k follows from induction. This completes the proof. □ 
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